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Estimating Displacement of Periodic Motion
With Inertial Sensors
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Abstract—Inertial sensors, like accelerometers and gyroscopes,
are rarely used by themselves to measure displacement. Accuracy
of inertial sensors is greatly handicapped by the notorious integra-
tion drift, which arises due to numerical integration of the sensors
zero bias error. A solution is proposed in this paper to provide drift
free estimation of displacement from inertial sensors.

Index Terms—Inertial sensors, integration drift, periodic motion
estimation.

I. INTRODUCTION

I N BROAD CATEGORIZATION, there are two main types
of motion sensing devices: externally and internally refer-

enced sensors. Common internally referenced sensors include
inertial sensors, e.g., accelerometer and rate gyroscope, which
measures acceleration and angular velocity, respectively. How-
ever, accuracy of inertial sensors is hampered by the inherent in-
tegration driftwhen measurements in the inferred domains, like
displacement, are desirable. The fast growing measurement drift
arises from the numerical integration of zero bias error, which
is almost impossible to calibrate out [1]. To make things worse,
the zero bias error has been shown to be sensitive to tempera-
ture drift [2]. This drift due to numerical integration is depicted
in Fig. 1. Hence, inertial sensors are seldom used alone in mea-
surement of displacement. In most cases, at least one or more
externally referenced nondrifting sensors [e.g., cameras, global
positioning system (GPS), etc.] are employed to fuse with in-
ertial-based measurements. In this paper, a method to perform
drift-free displacement estimation of periodic motion with in-
ertial sensors is proposed. An adaptive algorithm models the
Fourier components of a periodic signal (acceleration or ve-
locity) and thereafter displacement is obtained via analytical in-
tegration of the motion model. A motion tracking experiment is
performed with a MEMS accelerometer to verify the proposed
method.
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Fig. 1. Integration drift of velocity and displacement given sinusoidal motion.

II. METHODS

A. Weighted-Frequency Fourier Linear Combiner (WFLC)

Given a periodic motion with a prior known frequency, the
motion may be modeled in real-time by a Fourier linear com-
biner (FLC) [3], which uses a least mean square algorithm to
adaptively adjust a series of Fourier components. If the fre-
quency of the motion is unknown, WFLC [4], an extension to
FLC, may be used. The first portion of WFLC is the frequency
estimation. The input vector to WFLC is

(1)

where is the number of harmonics used. The input is the
sensing domain of the inertial sensor and can be acceleration or
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angular velocity. The frequency can be estimated by updating
every sample via

(2)

(3)

(4)

where is the coefficients of the input, is the signal input
after the notch filter, and and are the adaptive gain pa-
rameters. will adapt to the frequency. A second set of FLC
is used to estimate the acceleration. Using the same input ,
the weights of the second FLC is updated via

(5)

(6)

where is the coefficients of the second FLC, is the noisy
signal input. Thus, an estimation of the acceleration/velocity can
be calculated as

(7)

As mentioned in the previous section, a drift is usually re-
sulted from numerical integration. Supposing the input signal is
periodic with one dominant frequency, the frequency and am-
plitude weights can be assumed to be constant after a finite
adapting time period. Thus, instead of integrating the acceler-
ation/angular velocity sensed numerically, (7) is integrated an-
alytically. A good estimate of displacement from acceleration
reading can be obtained through double integration as

(8)

(9)

where is the estimated displacement, are the weights of
the FLC to estimate the displacement, and is the sampling
period. If the sensing domain of the inertial sensor is velocity,
like gyroscope, estimation of displacement can be obtained as

(10)

(11)

B. Band-Limited Multiple Fourier Linear Combiner (BMFLC)

One limitation of WFLC is its inability to track more than
one dominant frequency (modulated signals). To overcome that,

Fig. 2. Experiment setup.

a new algorithm BMFLC [5] was proposed recently. This ap-
proach relies on choosing a predetermined band of frequencies
with spacing of frequencies chosen according to user’s require-
ment. The input to BMFLC is

(12)

where are the frequencies within a given band of interest and
represents the number of frequencies used. The frequencies

can be integer as well as rational. The weights of BMFLC can
be updated via

(13)

(14)

An estimate of the acceleration/velocity can be given by

(15)

Thus, similar to (8)–(11), an estimate of the displacement from
acceleration is

(16)

(17)

While the estimation of displacement from velocity is

(18)

(19)

III. RESULTS

Accelerometer board (DE-ACCM2G) from Dimension En-
gineering, containing an ADXL322 accelerometer, is used in
the experiment to illustrate the algorithm. Fig. 2 shows the
experiment setup. The accelerometer board is placed on a
nanopositioning system P-561.3CD from Physik Instrumente,
which has a resolution of subnanometers for periodic motions.
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Fig. 3. Estimated displacement (solid) result from the accelerometer’s reading
of a 100 �m peak–peak sinusoidal motion (dotted).

Fig. 4. The error between actual displacement and estimated displacement.

The nanopositioning system provides a 100 m peak-peak
sinusoidal motion. The voltage reading from the accelerometer
is acquired using a DAQ card.

The voltage reading is then converted to acceleration do-
main and then passed through the algorithms, as mentioned
in Section II. Fig. 1 shows the result of numerical integration.
The estimated displacement using BMFLC is shown in Fig. 3
and the error between the estimated and actual displacement
is shown in Fig. 4. The estimated displacement tends to the
actual displacement and the root mean square error (RMSE)
between the two during steady-state from 2 to 4 s is 3.498 m.
Comparing the results of BMFLC with numerical integration
(third graph of Fig. 1), it is evident that the problem of drifting
is eliminated.

IV. DISCUSSION

The proposed algorithms provide good displacement estima-
tion from integrated accelerometer measurement without the aid
of an externally referenced sensor.

WFLC and BMFLC are proposed to be used to estimate dis-
placement of a periodic motion from an accelerometer. The
main motivation to use them is because the periodic signals in
the acceleration domain can be modeled by a series of sine and
cosine components. In addition, the original idea of WFLC and
BMFLC is for zero phase band-pass filtering. Thus, when using
the method to estimate displacement, unwanted noises from the
accelerometers are also removed. However, the algorithm is lim-
ited to periodic motion. Given a nonperiodic motion, the weights

of the WFLC and BMFLC will keep changing to adapt itself to
the current reading. In this case, direct analytical integration will
not succeed.

The algorithms are capable of handling any frequency; pro-
vided the frequency is within the bandwidth of the inertial sen-
sors and suitable initial values are selected. However, it is also
worthwhile for the readers to note that the amplitude of accelera-
tion increases with frequency. A higher frequency will increase
the signal-to-noise ratio, but it also means larger adaptive pa-
rameters and or appropriate initial weights are needed to
ensure convergence to the global minimum.

V. CONCLUSION

Inertial sensors are usually not used to obtain displacement
because of the drift due to numerical integration. This paper has
proposed a method to estimate the displacement from inertial
sensors readings, i.e., acceleration and angular velocity. Exper-
iments are also conducted to demonstrate the effectiveness of
the method.
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